Abstract: X-pulses propagate in free space without distortion but what happens to their structure when they diffract through apertures? To investigate this question, we first generalize to arbitrary time-dependent pulses a Fredholm-like integral equation previously developed to analyse the diffraction of scalar harmonic fields by planar apertures. Then, we give the general form of diffracted X-pulses by such apertures. Finally, the diffraction of X-pulses by circular apertures is thoroughly discussed.
Introduction
X-pulses are nondiffracting solutions of the wave equation in free space introduced some years ago by Lu and Greenleaf [1] and many works have been devoted to their properties as well as to different ways of generating approximate X-pulses, mainly in acoustics. Two recent reviews [2, 3] in which further references can be found, present a detailed account of these pulses. Using cylindrical coordinates x ¼ ðr; f; zÞ, their general expression when they propagate in the z-direction can be written [2] Y n ðx; tÞ ¼ exp ðinfÞ Ð 1 À1 ds w n ðsÞ J n ðsr sin aÞ Â exp ½isðz cos a À ctÞ ð1Þ
in which J n is the Bessel function of the first kind of order n, w(s) a weight function and a an arbitrary angle. Three classes of X-pulses corresponding respectively to algebraic, exponential and gaussian weight functions are succinctly discussed in appendix A. We are interested here in the behaviour of these pulses when they diffract through plane apertures.
To investigate this question, we generalize to arbitrary time dependent fields, an approach recently developed [4] for scalar harmonic solutions of the Helmholtz equation. This approach is based on a Fredholmlike integral equation introduced to analyse harmonic field scattering when the boundary data for the total field, incident plus reflected, are given on some surface S, supposed here to be a perfectly reflecting mirror. Then, we show how this generalized formalism makes possible to deal with the diffraction of pulses by apertures located in a perfectly reflecting plane and we get the diffraction pattern for an incident X-pulse impinging normally on this mirror. The Fraunhofer approximation of this pattern is investigated in the far field and analytic formulae are obtained for a circular aperture. We start with the generalization of scattering integral equations.
Fredholm-like integral equations for scattering
We note x ¼ ðx; y; zÞ and x 0 the action and source points in Green's functions, S and S 0 the surface S of action and source points respectively. We suppose a scalar pulse incident on a perfectly reflecting mirror located in the z ¼ 0 plane so that the total field is wðx; tÞ ¼ w i ðx; tÞ þ w r ðx; tÞ ð 2Þ in which according to the Descartes-Snell law, w r ðx; tÞ is deduced from w i ðx; tÞ by changing z into Àz. Then y and the Green's functions g D;N ðx; t; x 0 ; t 0 Þ in the integral equations, obtained from the wave equation Dwðx; tÞ ¼ 0 in which D is the Dalembertian operator, are supposed to satisfy on the S-plane z ¼ 0 the Dirichlet or Neumann, soft or hard in acoustics, boundary conditions
And the Fredholm-like equations generalizing to pulses those used for harmonic fields [4] are: 
so that
and noting x the image point of x with respect to the S-plane z ¼ 0
From now on, we only work with (4b) assuming that the total pulse satisfies the boundary condition (3b). Then, we need ½@ z 0 g N z 0 ¼0 and from (6), (7) g N ðx; t;
and using the relations jz À z 0 z 0 ¼0 ¼ Àz ;
we get 
which is as expected the sum of the incident and reflected Gaussian pulses.
Pulse diffraction at plane apertures
We now show how this integral formulation can be used to deal with diffraction of pulses at a hole in a perfectly reflecting plane assuming that a hole with a finite area in an infinite plane does not change the Green's functions. We suppose that y i impinges from the region z < 0 on the plane z ¼ 0 punctured by the aperture A. The total field is given for z < 0 by wðx; tÞ ¼ w i ðx; tÞ þ w s ðx; tÞ ; w s ðx; tÞ ¼ w r ðx; tÞ þ w d ðx; tÞ z < 0 (15) in which y s , y r , y d , are the scattered, reflected and diffracted fields while w þ ðx; tÞ is the field in the region z > 0. We impose on the plane z ¼ 0 the boundary conditions ½@ z wðx; tÞ SÀA ¼ 0 ð16aÞ ½wðx; tÞ À w þ ðx; tÞ A ¼ 0 :
The Neumann condition (16a) outside the aperture is also valid for y þ while (16b) implies the continuity of the total field through the aperture. So, we use the integral equation (4b) that we write in the illuminated region z < 0 wðx; tÞ ¼ w S ðx; tÞ þ w A ðx; tÞ ; z < 0 ð17Þ w S ðx; tÞ ¼ w i ðx; tÞ þ w r ðx; tÞ
is the total field on the perfectly reflecting plane in absence of aperture. Let us prove that the boundary conditions (16a, b) are fulfilled by (17). First, according to (6a) and (10)
while we still get from (10)
So according to (17a, b) and (18b) ½@ z wðx; tÞ z¼0 ¼ 0 everywhere in the plane, in particular on SÀ A which implies the condition (16a 
which is the continuity condition (16b) through the aperture. Then, the solution of the wave equation supplied by the integral equation (17) satisfies the boundary conditions (16a, b). Now the Babinet principle applied to (17b) gives for the total field w þ ðx; tÞ in the region z > 0 the integral equation
But a remarkable feature of (21) is that its solution is obtained at once by taking in the integrand
so that (21) becomes
To prove that (23) is solution of (21), one has just to prove that ½w þ ðx; tÞ z¼0 reduces to (22) which is evident according to (18a). So, (23) represents the diffracted pulse in the region z > 0; substituting (10) into (23) and taking into account (6a) give finally
To illustrate (24), we still consider the incident Gaussian pulse w i ¼ exp ½Àa 2 ðz À ctÞ 2 so that (24a) becomes since ½w i ðx 0 ; t 0 Þ þ w r ðx 0 ; t 0 Þ z 0 ¼0 is given by (12)
Suppose that A is a circular aperture with radius b, then introducing the polar coordinates
we get in terms of Bessel functions Ð
so that (25) becomes
Then, substituting (28) into (24) and still using the polar coordinates (26) give
Pierre Hillion, Diffraction of X-pulses at plane apertures It does not seem to exist a simple analytic expression of (29) and one would have to resort to numerical quadratures.
X-pulse diffraction at plane apertures

General theory
We consider an X-pulse impinging normally from the region z < 0 on an aperture A located in the perfectly reflecting plane z ¼ 0. We work with the elementary X-pulses obtained by taking a Dirac distribution as weight function so that we get from (1)
It simplifies somewhat calculations to assume n ¼ 0 and we take as incident X-pulse w 0;i ðx; tÞ ¼ J 0 ðsr sin aÞ exp ½isðz cos a À ctÞ : ð30aÞ
The reflected pulse is obtained by changing z into Àz in (30a) giving for the total field on the S 0 -plane
Substituting (31) into (24a) gives 
The polar coordinates
transforms (33a) into
Let SG AE ðRÞ denote the Sonine-Gegenbauer integral [6] in which
where the lower or upper sign is taken according as the indentation in the complex m plane passes over or below the axis of the branch point s. Then, the comparison of (35) and (36) 
The same calculation made with the elementary pulse (30) gives w n;þ ðx; tÞ ¼ ð1=2pÞ exp ðÀisct þ infÞ
while the diffracted field for the general X-pulse (1) is
wðsÞ w n;þ ðx; tÞ ds :
All these expressions require some approximation to be manageable.
Fraunhofer diffraction in the far field
From now on, we assume z large enough so that we may neglect the z Àn terms n ! 2: we note 0ðz À2 Þ this approximation with the Landau symbol 0. In particular assuming jx À x 0 < jzj, jy À y 0 j < jz one has
In addition, in the Fraunhofer approximation, x 02 ; y 02 ; are neglected; so, with the polar coordinates (26)
This last relation supposes also that the axis from which the angles are measured is placed in a convenient way as to make u ¼ 0. Then, taking into account (39) and (39a), the expression (38) of the diffracted pulse becomes w 0;þ ðx; tÞ ¼ ð1=2pÞ exp ðÀisctÞ @ z fz À1 H 0;þ ðr; zÞ which is the far field Fraunhofer approximation for the diffraction of the elementary X-pulse (30a) by a plane aperture. The same approximation for the diffracted pulse w n;þ generated by the X-pulse (30) is obtained by multiplying (40) by exp ðinfÞ and by changing J 0 into J n in (40a). Substituting this approximation into (38b) gives the Fraunhofer diffraction pattern for the general X-pulse (1).
Diffraction at a circular aperture
The presence of the Bessel function J 0 in the integrand of (40a) suggests that calculations are easier when the aperture is circular. Let its radius be b, then using the polar coordinates (26) for x 0 ; y 0 , the functions H 0;AE ðr; zÞ become 
Changing q sin l into q cos l would transform (44) into a Sonine's second finite integral [6] with a simple analytic expression. Unfortunately, one has to proceed differently, using a power series expansion of J 0 ðq sin lÞ to get an approximation of (44) in terms of the Sonine's first finite integrals [6] J mþnþ1 ðpÞ ¼ ðp nþ1 =n! 2nÞ
Changing sin l into ð1 À cos 2 lÞ 1=2 in the well known expansion of J 0 [6] gives
which becomes with the approximation ð1 À cos 2 lÞ
Substituting (46a) into (44) and using (45) give an approximation of P 0 ðr; zÞ in terms of the Bessel functions J 1 ðpÞ, 1 ¼ 0; 1; 2:
But the approximation (42) of w 0;þ ðx; tÞ is valid to the order 0ðz À2 Þ and to be consistent, we only need the z Àj , j ¼ 0; 1 terms of (47) since P 0 in (42) is multiplied by z À1 , that is from the definition (43) of p and q
so that:
Substituting (48) into (42) gives the far field Fraunhofer approximation of the diffraction pattern generated by the X-pulse (30a) impinging on a circular aperture:
For the X-pulse (30), the expression (42) becomes
The situation is now a bit more intricate since using the variables (43) does not transform P n ðr; zÞ into a Sonine's first finite integral but, as shown by the pre-vious calculations, to get (49) to the order 0ðz À2 Þ we only need P n to the order 0ðz À1 Þ which is obtained according to (46a) by substituting J 0 ðqÞ to J 0 ðsr 0 r=zÞ in (49a). So, still using the variables (43) and x ¼ r 0 sin a, we get
that is [6] P n ðr; zÞ ¼ ðnp=2 s 2 sin 2 aÞ J 0 ðqÞ Q n ðpÞ þ 0ðz À2 Þ ð51Þ
and finally (49) becomes for n ! 1 w n;þ ðx; tÞ ¼ Àðnb=2z sin aÞ exp ðÀisct þ infÞ
Substituting (52) into (38b) gives the diffraction pattern Y n;þ ðx; tÞ for a general X-pulse (1) impinging on a circular aperture. These calculations are made for a normal incidence on apertures and for X-pulses propagating in an arbitrary direction one would have to change x; y; z, into X; Y; Z, with for instance
which would lead to rather intricate calculations.
Discussion
Physical intuition could suggest that X-pulses passing across an aperture continue their propagation subject to a strong distortion making them to lose their nice nondiffracting properties, but mathematical theory proves that this guess is in fact wrong. The diffracted pulse y is a solution to the wave equation of a boundary value problem with data y given on S 1 and @ z w on S 2 where S 1 þ S 2 is the z ¼ 0 plane endowed with the aperture A while on the other hand y is null at infinity, that is in practice on a nonabsorbing boundary far enough so that the pulse amplitude that decreases as z À1 becomes negligible. So, the diffracted field can be considered as enclosed inside a slab with y and @ z w given on a face and zero on the opposite face which will give birth to a standing wave pattern.
We illustrate this statement on the elementary Xpulse (30a) 
We now suppose these X-pulses are diffracted by a circular aperture. Then, according to (48a) the Fraunhofer approximation in the far field of the diffraction pattern generated by (30a) is 
We now check on the z axis (r ¼ 0) that w 0;þ and Y 0;þ generate in the region z > 0 a standing wave pattern; in addition, to make easier the comparison with the incident X-pulses, we give the expression of w 0;i and Y 0;i for r ¼ 0. We get from (53) and (55) w 0;i ¼ exp ½isðz cos a À ctÞ ;
in which unessential factors are included in AðzÞ and BðzÞ with a AE ¼ a À iðct AE zÞ in (60). So, w 0;i and Y 0;i are progressing waves propagating with the phase velocity v ¼ c=cos a while w 0;þ and Y 0;þ are standing oscillating waves since they are the sum of two waves with the same amplitude propagating in opposite direction. Note that since w 0;i is solution of the Helmholtz equation, its diffracted field can also be obtained by the technique developed in [4] .
The rather difficult calculations required to get in the frame of the Fraunhofer approximation the diffraction pattern in the far field for a pulse incident normally on a circular aperture make clear that in the general situation of a nonnormal incidence and of an arbitrary aperture, one would have to resort to numerical calculations.
An important result of this work is that the expression (24) of the diffracted field is valid for any arbitrary time-dependent pulse wðx; tÞ provided that the Fourier transform of y exists. Otherwise, one has to use the Laplace transform and the Green's function (6) becomes [9] 
The Bromwich contour Br in the integral (61) is made of a line L parallel to the imaginary axis with all the singularities of the integrand on its left and we get instead of (24) [9] w þ ðx; tÞ ¼ Àð1=16p 
Calculations are similar with the requirement to perform an inverse Laplace transform.
